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Adjacency Eigenvalues 
for Underlying Split 
Multigraphs
A NA L ISA  E SPINO
SETON HALL UNIVER SIT Y,  UNDER GRADUATE ST UDENT
DE PA R T MENT O F MAT HE MATICS &  CO MPUTE R SCIE NCE
ME NTO R:  DR .  SACCO MA N



Background Information
𝑥 − 𝐼𝑃𝑆(𝑐, 𝑑)𝜇

• c = number of cones

• d = degree of each cone

• µ = multiplicity of edges within clique

• x = number of cone nodes to which each clique node is adjacent

2 − 𝐼𝑃𝑆(8, 2)𝜇



Research Question: If these multigraphs 
represent satellite and ground station 

communication, can we find a formula to best 
represent the number of triangles from the 

ground station to the satellite?



Method



Adjacency Matrix

3 − 𝐼𝑃𝑆(9, 3)1
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Adjacency Matrix



Characteristic Polynomial

• Submatrix:

• Whole Matrix:



Conjecture

1. 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑜𝑢𝑛𝑑 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎:
(𝑥−1)

2
∗

𝑥2 ∗ 𝑐𝑜 ∗ 𝜇

2. 𝑐𝑜 𝑥 − 1 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠 𝑒𝑞𝑢𝑎𝑙𝑙𝑖𝑛𝑔 𝑧𝑒𝑟𝑜

3. 𝑐𝑜 𝑥 − 1 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠 𝑒𝑞𝑢𝑎𝑙𝑙𝑖𝑛𝑔 − 𝜇

4. 𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠 𝑡ℎ𝑎𝑡 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 x2 + 𝜇x +
−(𝑥2)

5. 𝑇ℎ𝑒𝑟𝑒 𝑖𝑠 𝑜𝑛𝑒 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 x2 + (−𝜇)(
)

𝑐 −
1 x − 𝑥2



Triangles

• Conjecture 1: 
(𝑥−1)

2
∗ 𝑥2 ∗ 𝑐𝑜 ∗ 𝜇

3 − 1

2
∗ 32 ∗ 3 ∗ 1

1 ∗ 9 ∗ 1
𝟐𝟕

∗ 𝑁𝑜𝑡𝑒: 𝑐 = 𝑥 ∗ 𝑐𝑜
9 = 3 ∗ 3



Eigenvalues

Eigenvalues = 0 have a multiplicity of 6
Eigenvalues = -1 have a multiplicity of 6

3 − 𝐼𝑃𝑆(9, 3)1

𝑐𝑜 = 3
𝑥 = 3

Conjecture 2 & 3: 𝑐𝑜 𝑥 − 1 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠 𝑒𝑞𝑢𝑎𝑙𝑙𝑖𝑛𝑔 𝑧𝑒𝑟𝑜 & 𝑒𝑞𝑢𝑎𝑙𝑙𝑖𝑛𝑔 − 𝜇



Eigenvalues

• Conjecture 4: 
𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠 𝑡ℎ𝑎𝑡 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 x2 + 𝜇x +
−(𝑥2)

Factored Polynomial Quotient: 𝑥2 + 𝑥 − 9
A = 1
B = 1
C = -9 

𝐵 ± 𝐵2 − 4𝐴𝐶

2𝐴
-3.54138, 2.54138

x2 + 𝜇x + (−𝑥2)
1x2 + 1x − 9



Eigenvalues

• Conjecture 5: 𝑇ℎ𝑒𝑟𝑒 𝑖𝑠 𝑜𝑛𝑒 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 x2 +
(−𝜇) 𝑐 − 1 x − 𝑥2

Irreducible: x2 − 8x − 9
A = 1
B = -8
C = -9

𝐵 ± 𝐵2 − 4𝐴𝐶

2𝐴
9, -1

x2 + −𝜇 𝑐 − 1 x − 𝑥2

1x2 + −1 9 − 1 1 x − 32

x2 − 8x − 9
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IDEAL SPLIT GRAPHS

Ideal Split Graphs v. Number of Triangles



Thank you! Questions?
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